We study the low energy limit of Little Higgs models. The method consists in eliminating the heavy fields using their classical equations of motion in the infinite mass limit. After the elimination of the heavy degrees of freedom we can directly read off deviations from the precision electroweak data. We also examine the effects on the low energy precision experiments.
Introduction
One of the major problems affecting the Standard Model (SM) is the so called hierarchy problem, that is the enormous difference between the electroweak and the Planck scales. In fact, since within the SM the Higgs gets a quadratically divergent contribution to its mass, that would imply a Higgs mass of the order of the Planck mass. On the other hand LEP and SLC, together with other low energy experiments, have clearly shown that the physics behind the SM is perturbative in nature. This means that the Higgs mass cannot be very large. This requires fine tuning from the Planck scale to the electroweak scale. Clearly the situation is not satisfactory and there have been various proposals to avoid the problem. One is supersymmetry, where the quadratic divergence in the Higgs mass is cancelled by the fermions. Another one is technicolor, where the problem is solved lowering the relevant scale from the Planck mass to values of the order of TeV. Recently it has been proposed [1] to consider the Higgs fields as Nambu Goldstone Bosons (NGB) [2] of a global symmetry which is spontaneously broken at some higher scale f by an expectation value. The Higgs field gets a mass through symmetry breaking at the electroweak scale. However since it is protected by the approximate global symmetry it remains light. An important point is that the cancellation of the quadratic divergence is realized between particles of the same statistics.
Of course all models containing new physics are highly constrained by the electroweak precision tests. Aim of this paper is to consider the electroweak precision data constraints on Little Higgs models by using a general method based on the effective Lagrangian approach. The idea is simple: we eliminate the heavy fields from the Lagrangian via their classical equations of motion in the limit of infinite mass, which means in practice that their mass must be much bigger than m W . We obtain an effective Lagrangian in terms of the Standard model fields, from which we can directly read off the deviations.
As an example we shall consider two models, one which exhibits an approximate SU(2) custodial symmetry and a minimal non-custodial one. The method is quite general and can be easily applied to other models. Similar ideas are discussed in [3] for the littlest Higgs model and a class of other models. We shall study the electroweak precision constraints in terms of the ǫ's parameterisation [4] .
In section 2 we will discuss the derivation of corrections to electroweak precision data in the littlest Higgs model, which has no custodial symmetry and thus gives contributions to the ρ parameter already at tree level. Section 3 will be devoted to the study of these corrections within a model which has an approximate custodial symmetry and in section 4 we will investigate the low energy precision data within both models. In Appendix A we give the expressions for the couplings necessary for the evaluation of g − 2 and in Appendix B those for the weak charge.
Littlest Higgs model
As a first example we consider the littlest Higgs model which is based on a SU(5) symmetry with a [SU(2) × U(1)] 2 subgroup gauged. This symmetry is broken down to SO(5) by a vev of the order f which can be parameterised as 
Under the unbroken SM gauge group h transforms as a doublet and φ as a triplet,
The Goldstone boson fields which contribute to the higgsing of the gauge bosons have been set to zero in Π.
The kinetic term for the scalar fields is given by
with the covariant derivative defined as
With A µ we denote the gauge boson matrix: 7) where the Q a i are the generators of the two SU(2) groups and the Y i are the generators of the two U(1) groups, respectively. After symmetry breaking the gauge boson matrix can be diagonalized by the following transformations:
s, c, s ′ , and c ′ denote the sines and cosines of two mixing angles, respectively. They can be expressed with the help of the coupling constants:
with the usual SM couplings g, g ′ , related to g 1 , g 2 , g ′ 1 and g ′ 2 by 1
The equations of motion for the heavy gauge bosons can now easily be obtained from the complete Lagrangian: 12) where, at the lowest order in the momenta, we have neglected derivative contributions, i.e., the contributions from the kinetic energy vanish. Up to the order v 2 /f 2 we obtain:
where we have used the notation of Ref. [5] for the diagonalisation of the top sector. In addition we have introduced the following quantities:
The currents are defined as usual and J ±µ 3 describes the current of quarks of the third generation, i.e., bottom and top. Due to the mixing with the heavy top for the quarks of the third generation the neutral current is modified, too:
However this modification is irrelevant for the analysis of the precision electroweak data, as tt production at LEP was kinematically not possible. Therefore we we will discard the tt correction in the following evaluations. The heavy Higgs particles completely decouple at that order.
To determine the ǫ-parameters we proceed in the same way as in Ref. [6] and first look at the modification to G F . We have two types of modifications: one directly from the mixing of the heavy W ′ bosons to the coupling of the charged current and the second one form the contribution of the charged current to the equations of motion of the heavy gauge bosons. The input parameters in the analysis of the electroweak data are the Fermi constant G F , the mass of the Z vector boson m Z and the fine-structure coupling α(m Z ). In terms of the model parameters we obtain:
We define the Weinberg angle as [6] :
In terms of the model parameters the mass of the Z-boson is given by
23)
whereas the W -mass is
The expression for the Z-mass can be used to determine the value of v for a given ratio v/f . Our result for the corrections to the ǫ i parameters to the order v 2 /f 2 is given by:
Notice that the corrections, as they should, depend only on the parameters c, c ′ , v/f and v ′ /v. Using the values of the ǫ i parameters given in [7] 
one can easily compare the model with data. These values only assume lepton universality and the derivation of the ǫ i is otherwise completely model independent. In order to get a positive definite triplet mass for the Higgs, we should have v ′2 /v 2 < v 2 /(16f 2 ). We arbitrarily fixed the value of v ′ to v ′2 /v 2 = v 2 /(17f 2 ). The 
. The allowed region lies inside the 90% and 50% bands, respectively.
results are shown in Fig. 1 . The allowed regions are the ones inside the bands. We see that for large values of v/f the allowed regions are reduced to more or less a line, whereas for small values practically the entire parameter space is excluded. For large values of v/f this is mainly due to the fact that this model exhibits no custodial symmetry and that it is therefore difficult to satisfy the experimental constraint on ǫ 1 without fine tuning of the parameters. For small values of v/f we approach the SM limit which itself is not in agreement with the values for the ǫ-parameters. As a consequence there are preferred values for v/f between .02 and .05 where we find some possibility of satisfying the constraints without too much fine tuning.
Little Higgs with custodial SU (2)
We now examine a "little Higgs" model which has an approximate custodial SU (2) symmetry [8] . The model is based on a SO (9) (9) gauged. One starts with an orthogonal symmetric nine by nine matrix, representing a nonlinear sigma model field Σ which transforms under an SO (9) breaking the SO (9) global symmetry down to an SO(5) × SO (4) subgroup. This coset space has 20 = (36 − 10 − 6) light scalars. Of these 20 scalars, 6 will be eaten in the higgsing of the gauge groups down to SU(2) W × U(1) Y . The remaining 14 scalars are : a single higgs doublet h, an electroweak singlet φ 0 , and three triplets φ ab which transform under the SU(2) L × SU(2) R diagonal symmetry as
These fields can be written
where the Higgs doublet h is written as an SO (4) vector; the singlet and triplets are in the symmetric four by four matrix Φ 5) and the would-be Goldstone bosons that are eaten in the higgsing to SU(2) W ×U(1) Y are set to zero in Π. The global symmetries protect the higgs doublet from one-loop quadratic divergent contributions to its mass. However, the singlet and triplets are not protected, and are therefore heavy, in the region of the TeV scale. The theory contains the minimal top sector with two extra coloured quark doublets and their charge conjugates. Further details and formulas can be found in [8] .
The kinetic energy for the pseudo-Goldstone bosons is 6) and the covariant derivative is
where the gauge boson matrix A µ is defined as
The τ a and η a are the generators of two SO(4) subgroups of SO (9) . For details see Ref. [8] .
The vector bosons can be diagonalized with the following transformations:
where the cosines and the sines of the mixing angles can be written in terms of the couplings
Again g and g ′ are defined in terms of g 1 , g R and g 2 , g L respectively, as in equation (2.10). Neglecting possible corrections to the currents from the top sector, we obtain the following equations of motion up to the order v 2 /f 2
where up to the order v 2 /f 2 we have
The expression for G F in terms of the model parameters is
and for the neutral current we obtain
22)
In this case the masses of Zand W -bosons are given by 
. The allowed region lies inside the 90% and 50% bands, respectively. not modified with respect to its (tree level) standard model value and the W -mass only receives a small correction from the triplet vev. This is a consequence of the approximate custodial symmetry of the model. The corrections to the ǫ parameters to the order v 2 /f 2 are 
Low energy precision data
Precision experiments at low energy allow a precise determination of the g − 2 of the muon and of the weak charge of cesium atoms. We will analyse these data in order to see whether they can put constraints on our models. In a first step we will examine g − 2 within the littlest Higgs model. To that end we will use a somewhat different technique than in the previous sections. Instead of deriving an effective Lagrangian by integrating out the heavy degrees of freedom we will use the linearised version of the model as presented in Ref. [5] and explicitly include corrections from the heavy bosons.
g − 2 of the muon in the littlest Higgs model
We can use the results of Ref. [9] to calculate the corrections to g − 2 of the muon. The relevant one-loop Feynman diagrams are shown in Fig. 3 .
For graph a we have contributions from the exchange of a light and a heavy Z and a light and a heavy photon. Since we have no flavour mixing interaction the fermion in the intermediate state can only be a muon. The contribution of the photon is not modified with respect to its standard model value (note that U(1) em is not broken so that this should be the case). 
where z = m 2 µ /M 2 g . With M g we denote the mass of the exchanged gauge boson, i.e., m Z , M Z H or M A H . C V and C A can be extracted from the vector and axial couplings of the corresponding gauge bosons to the muons, see Ref. [9] . The corresponding expressions are listed in appendix A.
For graph b we obtain contributions from light and heavy charged W bosons. The intermediate fermion has to be neutral, i.e., it is a neutrino. If we neglect the mass of the neutrino we obtain
where we note again z = m 2 µ /M 2 g . M g can be the mass of the light or the heavy W bosons. We also used the fact that C V = −C A . Graph c receives contributions from singly charged scalars and a neutrino in the intermediate states. There are no contributions from doubly charged scalars since they do not couple to the corresponding fermions. Neglecting again the neutrino mass the result can be written where z = m 2 µ /M 2 h , with M h being the mass of the neutral scalar. The difference between experiment and the standard model prediction for a µ is [11] δa µ = a exp µ − a SM µ = 17(18) × 10 (−10) .
(4.5)
The numerical results within the littlest Higgs model are relatively insensitive to the choice of parameter values of the model. We obtain a difference from the standard model value of at most δa µ = a LH µ − a SM µ of the order of 1 × 10 −10 . The contributions of the additional heavy particles are thereby completely negligible and the dominant contributions arise from the corrections to the light Z and W couplings. Thus the analysis of Ref. [10] is not complete. In Fig. 4 we display δa µ for two different values of the symmetry breaking scale f as a function of the cosines of the mixing angles c, c ′ . For larger values of f the corrections become even smaller. We thereby took the Higgs mass to be 113 GeV and used as experimental input m Z , α, and G F as before. The results in the model with custodial symmetry are in general closer to the SM limit than in the littlest Higgs model. Thus we expect even smaller corrections in that case and we shall not give an explicit evaluation of g − 2 within the model with approximate custodial symmetry.
Weak charge of cesium atoms
At low energy, parity violation in atoms is due to the electron-quark effective Lagrangian The experimentally measured quantity is the so-called "weak charge" defined as
where Z, N are the number of protons and neutrons of the atom, respectively. Recently precise data on cesium atoms have been reported in Ref. [12] :
The standard model prediction is [13] Q W (Cs) SM = −73.19 ± 0.13 . (4.9)
Thus
The difference of the weak charge of Cs in the littlest Higgs model and the standard model is shown in Fig. 5 for different values of f in the littlest Higgs model and in Fig. 6 for the model with approximate custodial symmetry. As experimental input for our analysis we have again used m Z , G F , and α. In order to discuss the weak charge result, let's consider the value δQ W (Cs) = 1 which is close to the present experimental central value. It is clear from Fig. 5 
Conclusions
In this paper we have studied the low energy limit of two Little Higgs models. As first example we considered the "littlest Higgs" model which has no custodial symmetry. This symmetry is, however, approximately fulfilled by the model which we considered as second example. In order to study the constraints coming from the LEP/SLC experiments we have used a method which consists in eliminating the heavy degrees of freedom. For the low energy precision data, i.e., for evaluating the corrections to g − 2 of the muon and to the atomic "weak charge" of the cesium, the contributions of the heavy degrees of freedom have directly been taken into account. We have shown that in the model without custodial symmetry a considerable fine tuning is necessary in order to satisfy the constraints imposed by LEP data. This is mainly due to the difficulty of the model to accommodate for the experimental results of the ρ parameter. This problem is avoided for the model with approximate custodial symmetry. The analysis of the low energy precision data does not change the above conclusions. For g − 2 of the muon the corrections are simply too small to impose any new constraints on the model parameters. The actual state of precision for the weak charge does not allow for establishing new constraints either, even if the corrections are not negligible.
For the heavy Z we obtain:
Note that it is sufficient to retain the leading order contributions for the couplings of the heavy bosons since their contributions to g − 2 are already suppressed by one order in v 2 /f 2 due to the mass. The heavy photon couplings are given by
For the W bosons we obtain: 8) and for the heavy W -bosons:
The relevant Higgs couplings are given by
for the heavy Higgs and
for the light higgs which contributes only to graph d) (see Fig. 5 ). Note that there are no leading order contributions to the couplings of the heavy Higgs, i.e., at the order we consider the heavy Higgs contribution vanishes.
